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The properties of nucleus-acoustic (NA) solitary waves (SWs) and double layers (DLs) in a four-
component magnetized degenerate quantum plasma system (containing non-degenerate inertial light
nuclei, both non-relativistically and ultra-relativistically degenerate electrons and positrons, and
immobile heavy nuclei) are theoretically investigated by the reductive perturbation method. The
Korteweg-de Vries (K-dV), the modified K-dV (MK-dV), and the Gardner equations are derived to
examine the basic features (viz. amplitude, speed, and width) of NA SWs and DLs. It is found that
the effects of the ultra-relativistically degenerate electrons and positrons, stationary heavy nuclei,
external magnetic field (obliqueness), etc. significantly modify the basic features of the NA SWs
and DLs. The basic features and the underlying physics of NA SWs and DLs, which are relevant to
some astrophysical compact objects including white dwarfs and neutron stars, are pinpointed.
I. INTRODUCTION
There has been a great deal of interest in understand-
ing the plasma fluid dynamics inside the astrophysical
dense electron-positron-ion (EPI) plasmas. The EPI
plasma is an omnipresent ingredient of many astrophys-
ical systems or regions, such as early universe [1], active
galactic nuclei [2–4], pulsar magnetosphere [5, 6], white
dwarfs [7, 8], polar regions of neutron stars [9], solar at-
mospheres [10, 11], inner regions of the accretion disc sur-
rounding black holes [12], center of our galaxy [13], etc.
A number of invesitgations have been made on small am-
plitude solitons in EPI plasmas in the presence of signif-
icant percentage of positrons [14]. The annihilation time
of positrons in the plasma is long compared with typical
particle confinement times. However, for long lifetime
of positrons, different types of linear waves and associ-
ated nonlinear structures can be generated in such EPI
plasmas [15, 16]. The characteristics of linear waves and
nonlinear structures have been influenced considerably
due to the presence of positron component along with
electrons and ions in most space plasmas.
It is now well established that the effect magnetic field
significantly modifies the basic properties of linear and
nonlinear waves in EPI plasmas which are, in fact, mag-
netized for most laboratory, space, and astrophysical sit-
uations [17–21]. The electromagnetic forces and degen-
erate pressures of electrons and positrons give rise to
different types of fluctuations at very short length and
time scales. The effect of magnetic field on the stabil-
ity behaviour of low-frequency electrostatic IA waves in
EPI plasmas is examined by Jehan et al. [18]. Bains et
al. [19] studied the modulational instability of IA waves
encompasses in magnetized quantum EPI plasmas. The
large amplitude IA waves propagation in magnetized EPI
plasma using Sagdeev potential approach is studied by
Mahmood et al. [20]. Sabry et al. [21] have taken the
typical magnetized EPI parameters, which are relevent to
white dwarfs and corona of magnetars, to examine the IA
freak waves in ultra-relativistic degenerate EPI plasmas.
Recently, there has been a renewed interest in study-
ing the relativistic degenerate dense plasmas due to its
existence in interstellar compact objects, such as white
dwarfs [22–25], neutron stars [26–28] and in tense laser
plasma experiments [29, 30]. It is observed that at
a very large number densities, when the electron and
positron Fermi energies become dominant over the elec-
tron and positron thermal energies, then the electron-
positron thermal pressure can be ignored in comparison
with the electron-positron degeneracy pressures. Within
a astrophysical objects, the lower energy state is filled
of electrons so additional electrons be cannot given up
energy to the lower energy state and therefore they gen-
erate degeneracy pressure. In case of astrophysical com-
pact object, like white dwarf, the average density could
be varied from 106 gmcm−3 to 108 gmcm−3, the degen-
erate electron number can be of the order of 1030 cm−3,
and the average inter-particle distance is of the order of
10−10 cm which is of the order of 10−13 cm for neu-
tron star [26, 27, 31, 32]. In such compact objects the
light nuclei can be assumed to be inertial, whereas the
electrons and positrons are taken to follow the degener-
acy pressure in order to support these objects against
the gravitational collapse. It is notable that the basic
constituents of white dwarfs are mainly positively and
negatively charged heavy elements like carbon, oxygen,
helium with an envelope of hydrogen gas. The existence
of heavy elements (positively and negatively) is found to
2form in a prestellar stage of the evolution of the universe,
when all matter was compressed to extremely high den-
sities. The average number density of heavy particles is
of the order of 1029 cm−3 where distance between heavy
particles is of the order of 10−10 cm (for white dwarfs)
[31].
A general expression for the degenerate pressure of rel-
ativistic ions and electrons is given by Chandrasekhar.
The equation of state regarding the degeneracy of plasma
species is presented at earlier in case of both the non-
relativistic (Pf ∝ nf 5/3) and the ultra-relativistic (Pf ∝
nf
4/3) limits by Chandrasekhar [33, 34], where Pf shows
the degenerate pressure and nf describes the number
density of plasma species f , respectively. To demonstrate
the equation of state, Chandrasekhar introduced that for
the nonrelativistic degenerate electrons, γ = 53 ; K =
3
5
(
pi
3
) 1
3 pih¯2
m ≃ 35Λch¯c where K is the proportionality con-
stant, Λc = πh¯/mc = 1.2×10−10 cm, and h¯ is the Planck
constant divided by 2π and for the ultrarelativistic de-
generate electrons, γ = 43 ; K =
3
4
(
pi2
9
) 1
3
h¯c ≃ 34 h¯c. Us-
ing the Chandrasekhar limit, Taibany et al. [35] con-
sidered an ultra dense plasma to study the properties
of electromagnetic perturbation modes (fast and slow
modes) and clarified that the roles of degeneracy of elec-
trons and positrons, enthalpy corrections, strength of
magnetic field, and relativistic factor greatly modify the
magnetosonic perturbation modes. Pakzad and Javidan
[36] studied the IASWs in dissipative plasmas contain-
ing relativitic ions, nonthermal electrons, and maxwellian
positrons. Ting et al. [37] thought out a relativistic
plasma system with nonisothermal electrons and exam-
ined the transient features of solitary waves. Chatter-
jee et al. [38] analyzed the nonlinear propagation of
IASWs in an unmagmetized plasma comprising of non-
thermal electrons and positrons, and singly charged adi-
abatically hot positive ions in planar ana nonplanar ge-
ometries. Moslem et al. [39] studied the two-dimensional
non-linear acoustic excitations in EPI plasmas that are
applicable to the accretion discs of active galactic nu-
clei, where the ion temperature are 3-300 times higher
than those of electrons. Haque and Saleem [40] studied
large amplitude two-dimensional IA and drift wave vor-
tices in magnetized EPI plasmas, where the electrons and
positrons were assumed to be Boltzmann-distributed.
Masood and Mushtaq [41] investigated the linear prop-
erties of obliquely propagating magnetoacoustic waves in
EPI quantum magnetoplasmas and found that the cor-
rections significantly modify the propagation of fast and
slow magnetoacoustic waves in both plasmas. Rizzato
[42] studied the localization of weakly nonlinear circu-
larly polarized electromagnetic waves in a cold plasma
made up of electrons, positrons, and ions. Shah et al.
[43–46] studied an unmagnetized degenerate quantum
plasma and investigated the effects of relativistic degen-
erate electrons and positrons and plasma particle number
densities on the propagation of positron-acoustic solitary
or shock waves. Shuchy et al. [47] studied the electron-
acoustic (EA) and dust-electron-acoustic Gardner Soli-
tons (GSs) and DLs with two-temperature-electron (hot
and cold) following Boltzmann distributions. Wang et
al. [48] investigated the effect of an external uniform
magnetic field on the propagation of solitary waves in
a in the weakly relativistic magnetized multi-ion plasma
containing electrons and light and heavy ions. Labany
and Shaaban [49] have considered nonlinear IA waves in
a weakly relativistic plasma consisting of warm ion-fluid
with non-isothermal electrons. The propagation of elec-
trostatic and electro-magnatic waves in quantum plasma
with relativistic degenerate electrons has been analyzed
by Khan [50]. Mamun and Shukla [27] considered the
reductive perturbation technique to investigate the soli-
tary waves in ultra-relativistic degenerate dense plasmas.
Zeba et al. [51] studied the nonlinear IA waves in the
dense unmagnetized EPI plasmas with ultra-relativistic
degenerate electrons and positrons. Masood et al. [52]
studied the electro-magnetic wave equation for relativis-
tic degenerate quantum magnetized plasmas. More re-
cently, Hossen et al. [53–56] investigated the basic fea-
tures of different nonlinear acoustic waves in the pres-
ence of heavy elements in a relativistic degenerate plasma
system. But this attempts is valid only for unmagne-
tized case. However, to the best of knowledge, no the-
oretical investigation has been made on the nonlinear
properties of NA SWs in magnetized degenerate quan-
tum plasmas with relativistic degenerate electrons and
positrons. Therefore, in our present work, we attempt to
study the basic features of NA SWs by deriving the K-dV,
MK-dV and Gardner equations in magnetized degenerate
quantum plasma containing non-degenerate inertial light
nuclei, both non-relativistically and ultra-relativistically
degenerate electrons and positrons, and immobile heavy
nuclei.
The manuscript is organized as follow. The theoret-
ical model describing the dynamics of the NA waves is
described in Sec. II. The nonlinear dynamical equation,
namely K-dV (MK-dV) Gardner equations and its soli-
tay wave solution are derived and interpreted in Sec. III
(IV) V. A brief discussion is finally provided in Sec. VI.
II. THEORETICAL MODEL
We consider a four component magnetized quantum
plasma system consisting of non-degenerate inertial light
nuclei, both non-relativistic and ultra-relativistic degen-
erate electrons and positrons, and immobile heavy nu-
clei. At equilibrium, ne0 = ni0+np0+Zhnh0, where ne0,
ni0, np0 are the unperturbed number densities of degen-
erate electron, inertial light nuclei, degenerate positron,
respectively and Zh is the number of negative ions resid-
ing onto the heavy nuclei surface. The positively charged
static heavy nuclei participate only in maintaining the
quasi-neutrality condition at equilibrium. The mass of
the electrons and positrons can be considered inertialess
in comparison to light nuclei mass, and one can describe
3the degenerate pressure through Eqs. (1) and (2). Gener-
ally, in a relativistically degenerate plasma system, pres-
sure arises due to the combined effect of Pauli’s exclusion
principle and Heisenberg’s uncertainty principle, and de-
pends only on the number density of constituent parti-
cles, but not on its thermal temperatures [27, 31]. The
electron and positron inertia can in fact be neglected if
we consider that NA electrostatic waves move at phase
velocity (Vp) which is much higher than the light nuclei
thermal speed and yet in turn much lower than the elec-
tron and positron thermal speed: Vth,i << Vp << Vth,e,p.
The dynamics of nonlinear NA waves in the presence of
the external magnetic field B = zˆB0 is governed by the
following momentum equation
∇φ− K1
ne
∇neγ = 0, (1)
∇φ− K2
np
∇npγ = 0, (2)
and the non-degenerate inertial light nuclei equations
composed of the light nuclei continuity and light nuclei
momentum equations are given by
∂ni
∂t
+∇.(niui) = 0, (3)
∂ui
∂t
+ (ui.∇)ui = −∇φ+ ωci(ui × zˆ), (4)
The equation that is closed by Poissons equation
∇2φ = neαe − ni − npαp − Zhµ, (5)
where ns is the perturbed number densities of species s
(here s = i, e, p inertial light nuclei, degenerate electron,
degenerate positron, respectively). ui is the light nuclei
fluid speed normalized by NA speed Ci = (me0c
2/mi0)
1/2
with me0 (mi0) being the electron (light nuclei) rest
mass, c is the speed of light in vacuum, φ is the elec-
trostatic wave potential normalized by me0c
2/e. Here
µ = (nh0/ni0) is the heavy nuclei to light nuclei number
density ratio, αe = (ne0/ni0) is the electron to light nuclei
number density ratio and αp = (np0/ni0) is the positron
to light nuclei number density ratio. The nonlinear prop-
agation of usual NA waves in EPI plasma can be recov-
ered by setting µ = 0. The time variable (t) is normalized
by ωpi = (4πni0e
2/mi0)
1/2, and the space variable (x) is
normalized by λs = (me0c
2/4πni0e
2)1/2. The numerical
value of λs is of the order of 10
−10cm [27]. We have de-
fined the parameters appeared in Eq. (1) as relativistic
factor for degenerate electrons, K1 = n
γ−1
e0 Ke/me0c
2 and
in Eq. (2) as relativistic factor for degenerate positrons,
K2 = n
γ−1
p0 Kp/me0c
2.
III. K-DV EQUATION
To study the dynamics of small but finite ampli-
tude obliquely propagating NA waves in a magnetized
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FIG. 1: (Color online) Showing the variation of phase speed
Vp with αe for u0 = 0.1, δ = 10
0, and αp = 0.2. The red
dashed line represents the non-relativistic case and the blue
solid line represents the ultra-relativistic case.
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FIG. 2: (Color online) Showing the variation of phase speed
Vp with αp for u0 = 0.1, δ = 10
0, and αe = 0.4. The red
dashed line represents the non-relativistic case and the blue
solid line represents the ultra-relativistic case.
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FIG. 3: (Color online) Showing the variation of positive
potential K-dV solitons with αp for u0 = 0.1, αe = 0.4,
ωci = 0.5, and δ = 10
0 in case of non-relativistic limit.
electron-ion (EI) plasma, we apply the reductive per-
turbation technique in which independent variables are
stretched as
η = ǫ1/2(Lxx+ Lyy + Lzz − Vpt), (6)
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FIG. 4: (Color online) Showing the variation of positive
potential K-dV solitons with αp for u0 = 0.1, αe = 0.4,
ωci = 0.5, and δ = 10
0 in case of ultra-relativistic limit.
T = ǫ3/2t, (7)
where ǫ is a smallness parameter (0 < ǫ < 1) measur-
ing the amplitude of perturbation, Vp is the wave phase
velocity normalized by the NA speed (Ci), and lx, ly, and
lz are the directional cosines of the wave vector k along
the x, y, and, z axes, respectively, so that l2x + l
2
y + l
2
z
= 1. It is noted here that x, y, z are all normalized by
the Debye length λD, and T is normalized by the inverse
of light nuclei plasma frequency (ω−1pi ). We may expand
ns, us, and φ in power series of ǫ as
ns = 1 + ǫn
(1)
s + ǫ
2n(2)s + · · ·, (8)
uix,y = 0 + ǫ
3/2u
(1)
ix,y + ǫ
2u
(2)
ix,y + · · ·, (9)
uiz = 0 + ǫu
(1)
iz + ǫ
2u
(2)
iz + · · ·, (10)
φ = 0 + ǫφ(1) + ǫ2φ(2) + · · ·, (11)
now, applying Eqs. (6)-(11) into Eqs. (1) - (5) and
taking the lowest order coefficient of ǫ, we obtain, u
(1)
iz =
Lzφ
(1)/Vp, n
(1)
i = L
2
zφ
(1)/V 2p , n
(1)
e = φ(1)/K11, n
(1)
p =
φ(1)/K22, and Vp = Lz
√
( K11K22K22αe−K11αp ) represents the
dispersion relation for the NA waves that move along
the propagation vector k.
To the lowest order of x- and y-component of the mo-
mentum equation (4) we get
u
(1)
iy =
Lx
ωci
∂φ(1)
∂η
, (12)
u
(1)
ix = −
Ly
ωci
∂φ(1)
∂η
. (13)
Now, applying Eqs. (6)-(13) into (4) one can obtain from
the higher order series of ǫ of the momentum and Pois-
son’s equations as
u
(2)
iy =
LyVP
ω2ci
∂2φ(1)
∂η2
, (14)
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FIG. 5: (Color online) Showing the variation of negative
potential K-dV solitons with αp for u0 = 0.1, αe = 0.4,
ωci = 0.5, and δ = 10
0 in case of non-relativistic limit.
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FIG. 6: (Color online) Showing the variation of negative
potential K-dV solitons with αp for u0 = 0.1, αe = 0.4,
ωci = 0.5, and δ = 10
0 in case of ultra-relativistic limit.
u
(2)
ix =
LxVP
ω2ci
∂2φ(1)
∂η2
, (15)
∂2φ(1)
∂η2
= n(2)e αe − n(2)i − n(2)p αp. (16)
We now follow the same process to get the next higher or-
der continuity equation as well as z-component of the mo-
mentum equation. Combining these higher order equa-
tions together with Eqs. (12)-(16) one can obtain the
K-dV equation in the form
∂φ(1)
∂T
+ λφ(1)
∂φ(1)
∂η
+ β
∂3φ(1)
∂η3
= 0, (17)
where
λ =
V 3p
2L2z
[
αe(γ − 2)
K211
− αp(γ − 2)
K222
− 3L
4
z
V 4p
]
, (18)
β =
V 3p
2L2z
[
1 +
(1− L2z)
ω2ci
]
. (19)
To observe the influence of different plasma parame-
ters on the propagation of solitary waves in magnetized
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FIG. 7: (Color online) Showing the variation of the positive
potential K-dV solitons φ(1) with the obliqueness of the wave
propagation δ for αp > αpc and for γ = 5/3. The other
plasma parameters are kept fixed.
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FIG. 8: (Color online) Showing the variation of the positive
potential K-dV solitons φ(1) with the obliqueness of the wave
propagation δ for αp > αpc and for γ = 4/3. The other
plasma parameters are kept fixed.
quantum plasma, we derive the solution of K-dV equa-
tion (17). The stationary solitary wave solution of stan-
dard K-dV equation is obtained by considering a frame
ξ = η − u0T (moving with speed u0) and the solution is,
φ(1) = φm[sech
2(
ξ
∆
)], (20)
where the amplitude, φm = 3u0/λ, and the width, ∆ =
(4β/u0)
1/2
IV. MK-DV EQUATION
To obtain the MK-dV equation, same stretched co-
ordinates is applied as we used in K-dV equation in sec-
tion III (i.e., Eqs.(6) and (7)) and also used the depen-
dent variables which is expanded as
ns = 1 + ǫ
1/2n(1)s + ǫn
(2)
s + ǫ
3/2n(3)s + · · ·, (21)
uix,y = 0 + ǫu
(1)
ix,y + ǫ
3/2u
(2)
ix,y + ǫ
2u
(3)
ix,y + · · ·, (22)
uiz = 0 + ǫ
1/2u
(1)
iz + ǫu
(2)
iz + ǫ
3/2u
(3)
iz + · · ·, (23)
φ = 0 + ǫ1/2φ(1) + ǫφ(2) + ǫ3/2φ(3) + · · ·, (24)
we find the same expressions of n
(1)
i , n
(1)
e , n
(1)
p , u
(1)
iz , u
(1)
ix,y,
u
(2)
ix,y and Vp by using the values of η and T in Eqs.(1)-
(5) and (21)-(24) as before in section III. The next higher
order series of ǫ of continuity, momentum and poisson’s
equations as
∂n
(1)
i
∂T
− Vp ∂n
(3)
i
∂η
+ Lx
∂u
(2)
ix
∂η
+ Lx
∂
∂η
(n
(1)
i u
(1)
ix )
+Ly
∂u
(2)
iy
∂η
+ Ly
∂
∂η
(n
(1)
i u
(1)
iy ) + Lz
∂u
(3)
iz
∂η
+Lz
∂
∂η
(n
(1)
i u
(2)
iz ) + Lz
∂
∂η
(n
(2)
i u
(1)
iz ) = 0, (25)
∂u
(1)
iz
∂T
− Vp ∂u
(3)
iz
∂η
+ Lz
∂
∂η
(u
(1)
iz u
(2)
iz ) + Lz
∂φ(3)
∂η
= 0, (26)
Lz
∂φ(3)
∂η
−K11Lz ∂n
(3)
e
∂η
− F ∂
∂η
(n(1)e n
(2)
e ) = 0, (27)
Lz
∂φ(3)
∂η
−K22Lz ∂n
(3)
p
∂η
−G ∂
∂η
(n(1)p n
(2)
p ) = 0, (28)
∂2φ(1)
∂η2
= αen
(3)
e − n(3)i − αpn(3)p , (29)
where F = K11Lz(γ − 2) and G = K22Lz(γ − 2).
Now combining these higher order equations together
with Eqs.(25)-(29) one can obtain
∂φ(1)
∂T
+Mφ(1)2
∂φ(1)
∂η
+N
∂3φ(1)
∂η3
= 0. (30)
This is well-known MK-dV equation that describes the
obliquely propagating NA waves in a magnetized quan-
tum plasma. where M and N are given by
M =
V 3p
2L2z
[
(γ − 2)2αp
9K322
− (γ − 2)
2αe
9K311
+
5L6z
6V 6p
]
, (31)
N =
V 3p
2L2z
[
1 +
(1− L2z)
ω2ci
]
. (32)
The stationary solitary wave solution of standard MK-
dV equation is obtained by considering a frame ξ = η −
u0T (moving with speed u0) and the solution is,
φ(1) = φm[sech(
ξ
̟
)], (33)
where the amplitude, φm =
√
(6u0/M) and the width
̟ =
√
(N/u0).
V. SG EQUATION
To drive the SG equation for NA SWs, we utitize the
second order equation of surface charge density ρ by ana-
lyzing Eqs. (1)-(5) and solution of which provides λ = 0
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FIG. 9: (Color online) Variation of ∆ on solitary profile for
different values of ωci when electron and positron being non-
relativistic and ultra-relativistic degenerate.
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FIG. 10: (Color online) Showing the variation of the ampli-
tude of magnetized MK-dV solitons with αp for αp > αpc (in
case of non-relativistic degenerate). The other plasma param-
eters are kept fixed.
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FIG. 11: (Color online) Showing the variation of the ampli-
tude of magnetized MK-dV solitons with αp for αp > αpc
(in case of ultra-relativistic degenerate). The other plasma
parameters are kept fixed.
since φ(1) = 0. It is noted that at λ = 0 its critical value
αp = αpc. For αp around its critical values (αpc), λ = λ0
can be expressed as
λ0 ≃ s
(
∂λ
∂αp
)
αp=αpc
|αp − αpc| = sC1ǫ1/2, (34)
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FIG. 12: (Color online) Showing the variation of the ampli-
tude of magnetized MK-dV solitons with δ for αp > αpc (in
case of non-relativistic degenerate). The other plasma param-
eters are kept fixed.
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FIG. 13: (Color online) Showing the variation of the ampli-
tude of magnetized MK-dV solitons with δ for αp > αpc (in
case of ultra-relativistic degenerate). The other plasma pa-
rameters are kept fixed.
where |αp−αpc| is a small and dimensionless parameter,
and can be taken as the expansion parameter ǫ1/2, i.e.
|αp−αpc| ≃ ǫ1/2, and s = 1 for αp < αpc and s = −1 for
αp > αpc. C1 is a constant which is given by
C1 = − (γ − 2)
K222
. (35)
The surface charge density ρ(2) can be expressed as
ǫρ(2) ≃ −1
2
ǫ3/2C1s(φ
(1))2, (36)
which, therefore, must be included in the third order
Poisson’s equation. To the next higher order in ǫ3/2, we
obtain the following equation
∂2φ(1)
∂η2
+
1
2
sC1(φ
(1))2 − αen(3)e + n(3)e
+αp[
1
K22
∂φ(3)
∂η
− (γ − 2)
K222
∂
∂η
(φ(1)φ(2))
+
(γ − 2)2
3K222
∂(φ(1))3
∂η
] = 0. (37)
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FIG. 14: (Color online) Showing the variation of the ampli-
tude of positive magnetized SGs solitons with αp for αp > αpc
(in case of non-relativistic degenerate). The other plasma pa-
rameters are kept fixed.
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FIG. 15: (Color online) Showing the variation of the ampli-
tude of negative magnetized SGs solitons with αp for αp > αpc
(in case of non-relativistic degenerate). The other plasma pa-
rameters are kept fixed.
After simplification, we can write from Eq. (37)
∂φ(1)
∂T
+ sC1αφ
(1) ∂φ
(1)
∂η
+ αβ(φ(1))2
∂φ(1)
∂η
+αγ
∂3φ(1)
∂η3
= 0. (38)
Equation (38) is known as SG equation. It supports both
the SWs and DLs solutions since it contains both φ-term
of K-dV and φ2-term of mK-dV equation. The Gardner
equation derived here is valid for αp ≃ αpc.
By applying different boundary conditions in Eq. (38)
one can find two type of solutions, namely solitary wave
solution and double layer solution which are common in
plasma literature [57, 58].
The SW solution of SG equation is given by the fol-
lowing equation:
φ(1) =
[
1
φm2
−
(
1
φm2
− 1
φm1
)
cosh2
(
ξ
Λ
)]
−1
, (39)
where
φm1,2 = φm
[
1∓
√
1 +
U0
V0
]
, (40)
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FIG. 16: (Color online) Showing the variation positive poten-
tial DLs solitons with αp in case of non-relativistic degenerate.
The other plasma parameters are kept fixed.
U0 =
C1sα
3
φm1,2 +
αβ
6
φ2m1,2, (41)
V0 =
C21s
2α
6β
, (42)
φm =
−C1s
α
, (43)
Λ =
2√−γφm1φm2
, (44)
γ =
β
6
. (45)
The DL solution of Eq. (38) is given by
φ(1) =
φm
2
[
1 + tanh
(
ξ
Λ
)]
, (46)
with
U0 = −s
2α
6β
, (47)
φm =
6U0
sα
, (48)
Λ =
2
φm
√−γ , (49)
where γ = β/6 and φm (Λ) is the DL height (thick-
ness).
VI. DISCUSSIONS
We considered a relativistic magnetized four compo-
nent EPI plasma system containing non-degenerate in-
ertial light nuclei, both non-relativistically and ultra-
relativistically degenerate electrons and positrons, and
immobile heavy nuclei. The well-known reductive pertur-
bation method has been used to drive the K-dV equation,
and then solve it to examine an exact analytical expres-
sion for small amplitude solitary waves. In order to trace
the effect of higher order nonlinearity, the mK-dV and SG
equations have been derived since K-dV equation is valid
8only for the limits λ 6= 0, λ > 0 and λ < 0. By using
this method, the K-dV, MK-dV and Gardner equations
for NA SWs for ultradensed magnetized EPI plasmas are
obtained and numerically analyzed the different plasma
parameters. We have observed and analyzed that both
compressive and rarefactive solitary waves (SWs) could
exist for K-dV and GSs, but only rarefactive structures
can be formed for MK-dV and DLs structures. We have
observed K-dV solitons of both positive (Figs 3, 4, 7 and
8) and negative (Figs 5 and 6) potentials but that of pos-
itive (Figs 10, 11, 12 and 13 ) only for MK-dV solitons.
On proceeding to more higher order calculation, we ob-
tained Gardner equation as well as its solution, and from
the GSs shown in Figs 14 and 15, we have investigated
that both positive and negative potential GSs can be ob-
served in the system. Further, we have studied and ana-
lyzed the DLs solution, and observed that only positive
potential DL structure (Fig 16) can be found in the sys-
tem. The plasma system under consideration supports
finite amplitude solitary, gardner and double layer struc-
tures and their solutions are stable. The amplitude of
SWs, GSs and DLs has been modified by the effect of
degenerate pressure of electrons and positrons, this de-
generate pressure is illustrated from the non-relativistic
(Pe ∝ ne5/3) to ultra-relativistic (Pe ∝ ne4/3) regime.
By using Chandrasekhar’s equation of state for relativis-
tically degenerate electrons and positrons, it is examined
that the relativistic factor greatly affects the speed of NA
SWs where for the non-relativistic degenerate electrons
and positrons, γ = 53 and for the ultra-relativistic degen-
erate electrons and positrons, γ = 43 , and thus found that
the relativistic factor, γ = 5/3 (non−relativistic) > γ =
4/3 (ultra−relativistic) in every cases. In all cases, it is
noticed that the relativistic corrections decrease the wave
frequency, which, in the ultra-relativistic limit is smaller
than the corresponding non-relativistic limit. The nu-
merical results that have been found from our investiga-
tion are plotted in Figs. 1 - 16 and can be summarized
as follows:
1. The four component EPI plasma system un-
der consideration supports finite amplitude NA
SWs, whose fundamental features (viz., amplitude,
speed, and width) strongly depend on different
plasma parameters, particularly, positron to ion
number density ratio αp, obliqueness, cyclotron fre-
quency ωci, and the relativistic factor (i.e., non-
relativistic limit and ultra-relativistic limit). We
have numerically obtained here that for λ = 0, the
amplitude of the K-dV solitons become infinitely
large, and the K-dV solution is no longer valid at
λ ≃ 0. It has been observed that the solution of
the K-dV equation supports both compressive (pos-
itive) and rarefactive (negative) structures depend-
ing on the critical value of αp.
2. In our present investigation, we have found that
for αpc = 0.148, the amplitude of the SWs breaks
down due to the vanishing of the nonlinear coef-
ficient λ. We have observed that at αp > 0.148,
positive (compressive) potential SWs exist, whereas
at αp < 0.148, negative (rarefactive) SWs exist
(shown in Figs. 3-8).
3. It is found that the phase speed of the NA SWs
decreases with the increasing values of electron to
light nuclei number density ratio αe and increases
as the increasing values of positron to light nuclei
number density ratio αp. The phase speed is always
higher for the non-relativistic case than the ultra-
relativistic case shown in Figs. 1 and 2.
4. It is shown that with the increase of αp, the am-
plitude and width of solitons waning gradually for
positive potential, while the width of the solitons
swelling gradually for negative potential. It is also
seen that for non-relativistic limit the amplitude of
the solitary waves is found to be greater than the
ultra-relativistic limit shown in Figs. 3,4,5 and 6.
5. The variation of the amplitude of NA SWs is taken
place with the different values of obliqueness of the
wave propagation. It is observed that with the in-
crease in obliqueness of the wave propagation, there
is a increase in amplitude of the magnetized K-dV
solitons which is exhibited in Figs. 7 and 8. It is
noticed that as the value of δ increases, the am-
plitude of the solitary waves increases, while their
width increases for the lower range of δ (from 0◦ to
about 50◦), and decreases for its higher range (from
50◦ to about 90◦). We note that as δ → 90◦, the
width goes to 0, and the amplitude goes to∞. This
means that in case of larger values of δ, the wave
amplitude becomes large enough to break down the
validity of the reductive perturbation method [59].
Our present investigation is only valid for small
value of δ but invalid for arbitrarily large value of
δ. The results that we have investigated in our
present investigation support the results of Haider
et al. [60, 61].
6. Figure 9 shows that the width of the K-dV solitary
profiles decrease with the increasing values of ωci
for both non-relativistic and ultra-relativistic case.
The solitary waves is also found to be greater for
non-relativistic case than the ultra-relativistic case.
7. For MK-dV solitons, only compressive solitons are
obtained, which is common in literature [62]. It
is observed that the apmlitude of MK-dV solitons
decreases with the increasing of αp like as K-dV
soliton as shown in Fig. 10 for non-relativistic limit
and Fig. 11 for ultra-relativistic limit.
8. The amplitude of the magnetized MK-dV solitons
affects notably by the obliqueness effect. From
Figs. 12 and 13, we found that the amplitude of
MK-dV solitons increases with the increasing of
obliqueness.
99. In case of GSs, both the positive and negative struc-
tures are formed. It is investigated that like K-
dV and MK-dV soliton the amplitude of magne-
tized GSs are decreases with the increasing of αp
as shown in Fig. 14 for positive potential and Fig.
15 for negative potential in non-relativistic limit.
10. It is observed that only positive potential DLs are
exist. The amplitude of positive potential DLs de-
crease with the increasing of αp as shown in Fig.
16.
We note that we have investigated obliquely propagating
one-dimensional solitary structures by deriving the K-dV
and MK-dV equations. However, one can derive Zakarov-
Kuznetsove (ZK) equation to study multi-dimensional
solitary structures and their multi-dimensional instabil-
ity [63], which is beyond the scope of our present work.
It emphasizes here that the findings of our present in-
vestigation should be useful for understanding the basic
features of the obliquely propagating NA SWs in ultra-
relativistic degenerate magnetized plasmas which occur
in many astrophysical compact objects, like white dwarfs,
neutron stars, magnetars, etc.
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